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Calculus of Constructions Propaganda
Tu

Girard Paradox is conflict between

(1) Types = Propositions (instead of Types & Propositions)

(2) Impredicativity
[
,
x : A + B : 1

instead of Still
[
,
x : A + B : 1

Tr B :U ( Tr B :U (
kill (2) VS kill (1)

- -
calculus of constructions

Martin-Lof Type Theory
Impredicative Prop

Types : Type :. --

H Prop : Types : Type : ...

HOTT ...



Impredicative Universe

· Useful for impredicative encodings of data types

N : = TN -> (N ->N) -> N "N = MEN/N inductive setby
"

N : Prop

· But classical set-theoretic models must have [PropD30 , 13
"Polymorphism is not Set-theoretic" - JC Reynolds 1984

· But constructive Set-theoretic models possible
Polymorphism is set-theoretic, constructively"- AM Pitts 1987

↳ specifically in Realizability Toposes ="computable sets"

· More recently , interest in impredicative encodings in HoTT

↓
What Semantics ?



Homotopy Type Theory CHOTT) Propaganda
M

-A Space It : A point #P : Idaltty) path

18 : IdIda(t ,, +2) (P,, P2] path-between-paths ...

etc.

+1 Universe &A :1 Space
Univalence axiom

↓ p : Ide (A , B) homotopy equivalence-S

· Models in categories of spaces such as

·Simplicial sets · cubical sets · topological spaces

· anything with a homotopy theory
(sufficiently well-behaved



Frankenstein's Monster

impredicative encodings in HoTT

↓
What Semantics ?

i
. e. what models have on impredicative univalent universe ?

Models of Univalence Models of ImpredicativityIl

Spaces computable Sets

↳ 1

.a (subcategory of a)
realizability topos

i 2. With a homotopy

computableSpaces ! = S theory on it

3. with impredicative univalent
universe



A topological model

Plan for the talk Of computation
-

1. Realizability over Scott's Graph Model =P
a) Computation & Topology in I

b) Realizability Structures over P (Equilogical Spaces)
&)
*

Quotients of Countably - based (QCB) Spaces
2. Structures for Homotopy Theory

a) Model Categories b) Path Categories

3. Homotopy Theory of Equilogical Spaces
a) Paths are not transitive

b) Equilogical Spaces is already a homotopy category
C) Fusing Two Homotopy Theories



1

. Realizability over Scott's Graph Model I



1 a) Computation & Topology in P

Refn (Scott's Graph Model)
* Topological Space IP = (Ow

,
whIP) where

&P generated by basic opens ↑x := Eyepw/ y2x3
↑ Scott Topology

for each XPW
. 4fin

Fix bijective encoding of pairs & finite sets

< - , -) : wxmEn & fin:E Ofinl
and also

x- -3 : P + p- p with X, y)) = E2n/nex3UEznt/ney]



1 a) Computation & Topology in P
· Any continuous function f : -P determined by Elpfinw
· Data of Elpfinw may be encoded in

If : = ((n , my = c)m = f(fin(n))]eIP
· Any xep encodes a continuous function

1x = y 1> (mew/znew . fin()Gy & <n, m)=x}
theorem (IP is a model of X-calculus)

& 15 = idI Homop(P,P) P Vxep
. x[91X

1 I

note : ↑ and 1 are themselves continuous.



1 a) Computation & Topology in P

·P is To S
· IP has a countable basis [PX/xepwy

IP is wT

·P is a universal wTo space :

Theorem(Embedding Theorem)
The realizabilityFor X wTo

,

theorem 1
.
1
.
2 approach to computable analysis and topology"-A .

Bauer

[B :W-2X subbase enum
.3 Ge :X IP top. embedding3
B1> e(x) : = (new(xeB(n)3i



1 b) Realizability Structures over P-Equilogical Spaces
I

can put any model of -calculus/partial combinatory algebra

Defn (Modest Set over P
(A

,
r) where (Assembly over P)
· A set · r(a) non-empty for each aA

· r : A -> OP
· a + a =) r(a)Mr(a) = 0

al> r(a) realizers

112

Defn (Equilogical Spacel
(X
,
~) where

· ~equire relation on
I· X wTo space



1 b) Realizability Structures over P - The Category Equ B

A

Defn (Morphism of Modest Sets)
f : (A,) -> (A,B) where
p

· f : A->B function · FxeP
. Vyeya) . 1x (y) = rB(f(a)

1120-XEY
Defn (Morphism of Equilogical Space) ↓

IF
↓

[f)
~

: (X
,
v)->(, ~) where

IP ---- -p

· f : x ->Y continuous · f Equivariant : Exo,XeX . XorX ,
=> f(x)~f(x ,)

· frg < VxeX
.

f(x) -g(x)

· [f]
-
equivalence class



1 b) Realizability Structures over P-Realizability Topos RT(P)

Defn (Object of RT(P))
in

Y

(A
,

=A) where OP-valued

· A Set ·[=:A xA- OP /

partial equivalence relation
v

· 7 seP
.
Vxe[a = b] .

1s(x)e[b = a]

· z +=P .
Axe[a= b]

. Vye[b= c] . 1 + ((x , y()]c[a = c]

Defn (Morphism of RT(P)) Y

[F]=i (A ,
=x) -> (B , =B) where "OP-valued

functional relation
· F : A xB -> PP / ↑

· F(a , b) => [a
=a]1[b = b] · F(a , b) ( F(a

,
b) => [b = b']

· [a' = a) 1 F(a
,
b)1[b = b'j => F(a , b) · [a=a] =) U F(a

, b)
S beB

· [F = E'] iff F(a , b) = F(a , b) and F(a
, b) => F(a ,b)



1 b) Realizability Structures over P (X,v) Equ

I ↓
RT(P) (/-x

=2) Mod

&Prop Ass(P) ↓
(X(v

,

= ) RTCP)
Mod(P)

where
[x] if xex'

[[x] = 2x']] = r(x]n[x] =S ① Otherwise

Ass(P) model of CoC with

[Prop] = assembly of modest sets

1 B(a)]= IBl



2. Structures for Homotopy Theory



2. al Model Categories

· Category & with fin
.

limits + colimits

· Weak Equivalences Fibrations Cofibrations

-> -> =

....

· with lifting properties

T 2

E
x

& & > factorizationS 2 7
>

example
· Top with W = Shomotopy equivalence

F = 5LP/ , P3 "cylinder lifting"⑳
2xI-B

A

C = &closed e) i "cylinder extension↓ "



2
.
b) Path Categories

· Category e

· Two classes of maps W() and F)->)

· XX . J Path object PX, r PX (S , t]

↑ Y&
X >XxX

↳
....

remark Given interval object Let with good properties , can

induce path category by PX = XF and W = Ehomotopy equivalences]



3. Homotopy Theory of Equilogical Spaces



3a) Paths in Equ are not transitive

[0 , 1] wTo => I
= ((0,1] , =) e Equ

&

lefn(?) homotopy H : f = 9 between f,g :X-Y is

H : XXI ->Y S
.
t
.
H(- , 0) = f and H(, 1) = 9

f : x ->Y homotopy equivalence if Ig:-X S . t . gf id and

-
fg id

Problem = is not transitive.....

Obvious solution(?) Replace = bytransitive closure
*

But

#Theorem There is no model structure on Equ where W is the set of
*- equivalences .



3a) Paths in Equ are not transitive

Theorem There is no model structure on Equ where W is the set of

**- equivalences .

proof Sketch Model structure axioms/abstract nonsense entails existence

of space X with Xo : 1>X and X
,
NXo
.
Glue Co copies of X :

X X X X

3·0.0.O.O. ...

X

1x X

Xu ↓ st
~ 2

11-X(=XiX ... > X* still contractible.

But this requires a for every n , whereas
*
= In

.
I &



3b) The Hidden Path-Equ is already a homotopy category

· Isn't~ in (X
, ~) already a kind of path ?

· "equality" in Egu is up to ~

· Gluing adds~7) Homotopy colimits ?

· Therefore :

Proposition

Egu is already a homotopy category of
a path category Eg1 where

· morphisms are equivariant continuous functions

(NOT equivalence classes)
-----· Path Category Structure induced by I=, so

PX : = X
=

G(x0 , x,]eX2(Xowx ,3=



3b) The Hidden Path-RT(P) is already a homotopy category
-Univalent polymorphism" -Benno van den Berg

"homotopy replacement therapy"

&
Ref (Object of GRT(P)
A Tuple (A

,
a
,
Af

, -)
,
i
,
S
,
t) where "locally codiscrete

2- groupoid
"

· A set of O-cells · X : A-> ↑ realizer II

exactly one 2-cell between
· Fa , beA .

Ala
,

b) EP1-cells any Pair of 1-cells

· i, S , + Ep where i computes identity 1-cell , s computes inverse 1-cells ,
- computes composition of two 1-cells

Defn (Morphism of hRT(P)
f : (A

, x) -> (B , B) where "2-functor"
· f : A-> B · JtoEp. (f. (x(a))

= B(f(a))

· f(a
,
a)

: Ala
,a) -> B(fa, fa) off, Ep .

f
, computes fea

,
all "2-nat

.

trans
/

<

Cefn (Homotopy) hif = g : (A,a)->(B, R) if hep and 1h(x(a)) = B(fa
, ga).



3b) The Hidden Path-RT(P) is alreadyahomotopyLategyis
theorem

RTCP) is already a homotopy category of hRTCP) with
P

Path Object (P(A ,X) , 5) where a->al

P(A,a) = &(a,a, p))a ,a c A , PeA(a ,a)3 myn
/

#(a, a, p) = k(a, a(X), P) b -> b
&

P(A, a) ((a , a= P)
,
(b , b', 0)) = Em , n7))meA(a, b) , neAla: 5)3

proof sketch
Construct hRT(P) -> RTCP)

(A ,a)> (A, =)
where (a= b] = 3()(a(a) , x(b))), i)))i =A(a, b)]

(F,a)<1(A , =)
where . * = &(a, platA

, pe(a= a33 ·#((a , p) , (b, q)) = [a = b)
· x(a, p) = p



3b) The Hidden Path-RT(P) is already a homotopy category

theorem

Eg2[> URT(p)
not ↓ no
Egu> RT(P)

and i Preserves + reflects

path category structure



3c) Fusing Two Homotopy Theories

proposition Egh has another path category structure induced

by I = [0
,
1].

· Homotopy Theory of [0, 1] in Equ is "image of" (Eq1 , I)

under Ho : (Eg1 , i) -> Equ.

·Shifts the study to tandem structure (Egt , I,)

↳What structure is this
, combinatorially ?

↳ Suggestion : bisimplicial sets which are "locally codiscrete"
or bicubical along one axis ?

· Is there a corresponding tandemStructure on hRTCP) ?




