
Stone Duality
for

Monads
AlyssaRenata Richard Garner

12 December 2025

Birmingham Theory Seminar



This talk in two slides
/

Notions of computation & Monads
- Eugenio Moggi 1991

&
Monads & Notions of computation ??
-

Interaction with some resource
"

Q : VT Monad
,
T= Comp (Res (T)) ?

example For State Monad
, Res((5X-15) = S (intuitively)

* Not quite,
but we get on adjunction !



This talk in two slides

Spec

-Bool A Ig = StoneSP
↑ - 1 Behaviour Category B(T)

Pop
· Think of objects of BIT)

if - then-else Identity
as States of Res(T)Morphisms! programs Only↓ · Morphisms as transitions

B(Sx-S)
Res = B) -)

e
.g.

- &
Mndfin(Set) ↓ Top Cof
m

· Objects are

Comp = ((-)
Topological Categories

& Morphisms are

"cofunctors"



Plan for the Talk

1 Monads & Resources

2 The Terminal Resource as a Category B()

3. Computations as global sections T(-)

4) The relationship with Ring Spectra (according to Diers)

# The relationship with Ring Spectra (according to Cole)



1 Monads & Resources

Spec

-Book =Alg StoneSp
↑ - 1

Pop

programs Morphis
a! if - then-else

Res = B) -)

Identity↓
-

Mndfin(Set) T ↓ Top Cof
-
Comp = ((-)



Defn A monad (T
,
>E

,
pure) consists of

· T : Set - Set
- "bind" tx=(

A
· > : TAXTB -> TB=Hom(A ,

TB) -> Hom(TA ,TB)
t

· pure : A -> TA S .t
.

+ >= pure = t pure a x= u = u(a)
v,

...

Un

(t()= u(x= v = + ()= (a .
u(a)x= v)

Notation +
,
x) to means t, <= X

-· +2

↑ "Skip"
Examples

S
· State : (Sx-) · coin-flipping : Thin

=Chinatreesaa
· Non-determinism : Ofin 3 Negative = Spure a,/,· Error-throwing

:

- + E Examples

· If B Boolean Algebra , TB monad of "if-then-else programs
Y



If-Then-Else Programs

TBA = AEB/1dazAltcaliBl = (supp(es)
> @ Fata

.

+(a) Recall =1 3E -> /supp(e) injective V +(a) = T
atA

example
if b then a

,
else az b8 - b

&(a
,, 92) : = 19 .[T a

, az

Pla , ... 91) : = Xa
. [biazaiYETBA where P = Eb...

- partitions B
match case b , &y

,
i case be 't ab

,
i ... 3

t L)= (

b,
.

8 bi b,1
pure ai = Xa

. [I a=Ga

im...are en e ena+ G
,

Cmk
I

e
I ein

,

e en



Resources
Va

Defn A comodel of T is (W
,
X-D) <pureaD = W-> W + A

4 tD
w ->WXA

Sit
,VtETA

. (t)l : W->WXA DecoD-VIUcalaeA
↑ Y w + B

Start State (end state
,
result) W

Wo

Examples
W

3 t E
· Comodel for Trin is 2 . ↳w
X1 +

,
+21 : Bez#I treadp1 (failB)

· Comodel for (5x-1 is S
.

1 + 1 = + : S -> S + A

· Comodel for - + E is
... D ,

forced by <e) : W->WX =

· Comodel for Ofin is $
,
420. 13) = (31 , 03D = 190,13= 19

. pure 1-aD



Resources
Va

Defn A comodel of T is (W
,
X-D) <pureaD = W-> W + A

4 tD
w ->WXA

Sit
,VtETA

. (t)l : W->WXA DecoD-VIUcalaeA
↑ Y w + B

Start State (end state
,
result)

Topological comodel if W top . Space & Xt) continuous .

Examples I
Contor Space

· For TBin
,
2 with basic opens [b] = EB1b petix pl Vbe2

· For (SX-5 S with every subset UIS open .

· For TB
,

the Stone Space Spec (B) (will see more soon !



2. The Terminal Comodel

as a Category
Spec

-Book =Alg StoneSp
↑ - 1

Pop

programs Morphis
a! if - then-else

Res = B) -)

Identity↓
-

Mndfin(Set) T ↓ Top Cof
-
Comp = ((-)



The Terminal Comodel

The Observable behavior of weW : D - <1 (w) : (TA -> A

ASet

Defn An (admissible) behaviour of T is a natural transformation

B(+ xpurea) = a

B :STA-A B(t >= u) = B(txu(B(t)))

&rop The set Bot of behaviours is the terminal comodel
,

with ( t D(B) = ( B(t) , B(+x -1)
. US) U(2) U(31

un

GeB
Examples 2 for Thir

,
S for (SX-15

, 0 for (- + E)
, Pfin

.

↑ B(t) = B(bxb ... xb)E2
new



The Terminal Comodel of TB
TB generated by TB(2) - elements

,

b, b
b, - b , in fact BETB(2) with

a an as a, bo by 2 b -> b(1 , 0)

a - Pure o

-

pure 1

pb. = the mig ( , a) = 1
.

- b ~ b>=7p . pure (1-p)( b, 1 bz - b,=Xp.S

Each B determined by BTB2-2 = B->2 OB

#p The admissible behaviours of TB Coincide with ultrafilters of B
.

defn An ultrafilter p & B is 4 + D(p) = (P(+x -)
, P(t)) = (p

,
p(t))

· proper : te P B) pure of #1

· upwards - closed : bep & b< by =>back B(b,) = 1 => B(b,
x=xp.[2=) = B(b, x+) = 1

I

· meet-closed : b
,=P & ba B => b

,
1b

z
= B B(b,

)=1 & B(b2) =1=B(b,=Xp.55 = B(b,xba)
= B(bz) = 1

· ultra : bep xor bep
. B(- b) = B(bx=xp . pure(1- p)) = 1 - B(b)



The Terminal Topological Comodel

DefeTheoperational topology on BoT is generated by sub-basic opens

[tr>a) = [BeBoT) p(t) = aY VteTA
,

ae A
.

#op This makes Bot the terminal topological comodel .

obs [t +> a] replaceable by [tcl=Xp . [Puet PE 1] so openstis

generated by [b11] VbeT2.

p The operational topology on BoTz Coincides with the Stone topology
on the set of ultrafillers Spec (B) of B .

examples BoTBin is with Cantor topology .
Bolsx-I is discrete.

tETA
prop Bot is a Stone Space ,

for any finitary monad
T

.

↓i
.
e, Compact, Hausdorff , Clopen basis 7 EETn

.

t=In-A



The Behaviour Category of a Monad ????
Clearly Bot is "dual" to T

.
Can we make

it into a structure which records the transitions

without explicit reference to T ?

Intuition Pick Some Be BoT .

M

Each META induces a labelled transition B -> GmB
tx= u t

St . B-GerB = B-> 6+BGGt B .

%
m

Is la
For TBin

, Y induces 1:: 0 ::B-> O : B -> B
Is la

butyme also induces 1:: 0 ::B-> 0 : :B -> B

So need to identify 1 :: 0 : :B
m

, -mz B by quotienting !



The Behaviour Category of a Monad

Defn Let BEBoT .

For M
,MzeT1 ,

define

m, = + ()= 0, my = +x= z

m, m,=> J t ETA
,

v
,Y :A-T1. ( & v

, (B(t)) = Uz(B(t)) &
m

, M2

Let up the least equivalence relation containing wi + t

Example Uz

TBin1/uBEN TB1/vpE1
U =

(SX19/vS
DefnThebehaviour category BT of T has idp = [pure]p
· A space ofObjects BoT dom [m]B

= B

· A space of morphisms B ,
T =
[T1/up

cod [m]
B

= GmB
BEBnT

↓

[m]B [m]pi[n]
= [mn]



3 Computations as Global Sections

( of the source mapSSpec dom : B,T -> BoT

-Book =Alg StoneSp
↑ - 1

Pop

programs Morphis
a! if - then-else

Res = B) -)

Identity↓
-

Mndfin(Set) T ↓ Top Cof
-
Comp = ((-)



The topology on B
,
T BoTE> B

,
T x A

Each tETA manifests as a map B1> (Espure]p , B(t))
which corresponds to an A-family of partial maps
BoTa E

a

(t +>a)-> B
,
T

Requirement Each suchEa be continuous
,
and as little else .

Defn The Operational topology on B ,
T is generated by

[m( + +a) = ([m >p)B(t) = a)
prop (BoT ,

B
,
T) is a topological category and each E is

and dom is a local homeomorphism ,

continous
,



The Monad of Global Sections

Let # (Po
,
(

,
) be topological category .

&efn le +

((A) = [s : Co-> K , xA/XceKo
,
dom(*

p
,

)s(c))) = 33
.

#
*, "S section of dom

&
Prop &K is a monad on Set with

pure a = XceCo .
(id)

,
a)

t x= u = Xc(
..
le+ (f : c->d

,
a) = t(c) in 1

let (g : d ->e
, b) = u(a)(d) in

(fig ,
b)

Moreover, : + -> /BT : + +(E : BoT -> B
.TXA)



Finite Lookahead

For (SX-)S
,

S

- B(sx- (A) = Gs : S -> Sx Almos = idg] = (S +A)

For TB
,
(BTB(A) = [S : Spec ->Almos = idspec = Aspec

ETB(A)
(By compactness

But for TBin
,
consider set BTBin(A) :

S(B) = (n
,
a) (=> S(B) = [b") pure * 1) *] x [a3

(by continuity) <=) Jb prefix B .

[b][s"[b"l pure * 1>*] xSa3

So by compactness, s is described by a finite dictionary
<b (n ,,

9
,
)

,
. . ..
bik (D ,

9)) Sit .
Edbibisk Partition BoT



Finite Lookahead

s is described by a finite dictionary
<b (n ,,

9
,
)

,
. . ..
bit> (D ,

9)) Sit .
Edbibisk Partitio BoT

or(1 ,
9

,) Obs for s = E of sore tETBin
,·X- 101>(2

,
92) nilen(b) ·

aa 111-> (3
,93)

393

So there are other sections failing this condition !

0+ (0 , 907 u
101(1

,
97 va an

111(1 ,
927

a
, a,

&p For T finitary , SETBT(A) factors as S =t= U

where t only performs identity maps ,
and each U(p) = up for SoreUpETA.



Functoriality
Def A morphism of Monads S&T is h

:
/SA-TA

such that ESet

h(S
, x=Sz) = h(S

,()= xa .
h(s2(a)) GmB1-> tm(Bob)

T

h(purea) =

purey a chmisp1 Yem]pokS

i
.
e, an "interpreter" . -induces B1-> Boh

F
BhDefn A cofuncter KwDD consists of BT-> BS

Fo :C.-> Do # :C
,
<- D

, Yp.o 2- da

ci-> Fo(c)
21 da Figu ↑ 9

↑ ↑ ↑S
.
t .

id E Mid Elgot -gif
=

c,> d
,

C -> F
,
()

C> Fo(C)

F
,(f) -1 ↑ f

i.e, a "simulation" : C> Fj(c)



Conclusion

Spec

-Book =Alg StoneSp
↑ - 1

Pop
if - then-else Identity

Morphisms! programs

Res = B) -)

Only↓
-

Mndfin(Set) T ↓ Top Cof
-
Comp = ((-)



4) The Relationship with Ring Spectra

(According to Diers]



Spectrum of a Commutative Ring

The Zariski-Grothendieck Spectrum of a Comm . Ring R is a

local homeomorphism
E Rp -> Spec(R)

PeSpec(R)

Universal property of Rp :

R-> L
A & Hom(Rp ,

L) = Hom(R ,
UL)

↓.-"I ! Respect) Locking Ring

Rp
% =

measures the failure of U to have

a left adjoint
"

Diers : Spectra arise as indexing objects of multi-adjunctions.



* multi-adjunction for behaviours

Claim BoT arises from a left multi-adjoint to U : Comed -> RMod
T T

Befn RMod += [ kI(T)
,
Set] Example Comodels (W

,
-D) are exactly

Co product preserving right modules

Example T itself manifests as W XA (W, a)

+
TA - - ↓ I
↓ (-(3= v TB WY B <usa)D(w)

TB TB

We can easily sus out the spectrum . Suppose

& Hom(FpM ,
W) = Hom (M , UW)

comod RMod
PeSpec(M)

Then : Hom(M
,
UBoT] = E Hom(FpM ,BoT)ESpec(M)

peSpec(M)



* multi-adjunction for behaviours

Claim BoT arises from a left multi-adjoint to U : Comed -> RMod
T T

Befn RMod += [ kI(T)
,
Set] Example Comodels (W

,
-D) are exactly

Co product preserving right modules

Example T itself manifests as W XA (W, a)

+
TA " ↓ I
↓ (-(3= v TB WY B <usa)D(w)

TB TB

We can easily sus out the spectrum . Suppose

& Hom(FpM ,
W) = Hom (M , UW)

comod RMod
PeSpec(M)

Then : Hom(M
,
UBOT) =: Spec(M)

Further : Spec(T)EHomST
,
UBoT) E Hom(E1 ,

UB oneda BOTC1) EBoT



Dependence on T
-
-

The analogy with Rings rather unsatisfying...

CRing - RMod
T

Locking~ Comod
T

Spec(R) ~ BoM : = Hom(M ,UBoT)
RMod

E RitSpeck) ~ B
,
M : = &M1/mp

DeBoM

DeSpecIR) (n] with BT-action
BoM BoT D : B

, MY BaB ,
T-> B

,
M



Further Work

· Localic version of BT

↳ For Cole-related reasons,
need to define inside arbitrary Gr Topos .

& Works better for infinitary T (non-spatial locales)

· TBT adds read-only operations. This seems to beartefact

of demanding a "State Space" BoT
.

↳ suggests replacement of top , spaces/locales by quantales
whose "opens" are not read-only.

B
,
T is a Quantale with U*V = (9f/fl,9]
↳ Based on work by P.

Resende on Top . Groupoids & Quantales.

What can we do with this ?



A The relationship with Ring Spectra
(According to Cole)

Ori

How I learned to stop worrying and love Topos Theory



The universal property of the operational topology
Diers' approach explains the underlying set of Spec(R)
and Spec(M)

,

but not the topology .

Cole explains both :

Warning : Cole's 1-cells go in the
F opposite direction !
-

↓LocGrTop- CRingGrTop ↓
W

(ER)> (E2 , Rel
Is

f : EctE , & h : f
*

R
,
->R2 ·

In particular : F(Set , R) = (Sh(Spec(RI) , OR)

Con we do this for Comodels & Right Modules ?



The universal property of the operational topology

The bicategories RMod(GrTop) and Comod) Gr Top) :
9

#
E Ef

*

> F E > F
1 M 1 M f

*
1

M M
=>

N m
=

N

K2)T] k(ST) k(ST)

Objects 1-cells 2-cells

↓
inherit posetal 2-cells

Brop Fib BT Sp ↓ Comod
+ (SpTop)

roof Essentially by Sh(X) = LH/X .



The universal property of the operational topology
F
L

Comod)GrTop)> RMod(GrTop)7
↓

W

Strategy : let F(E
,
M) = (F

,
Om)

· Consider the Case E =Set
,
but work constructively

=· Construct localic version of BM&
Bonus : get generalization

??
& By previous prop , get OM .

to infinitary monadswhich
the

Fo Repeat the above
,
but working internally in E Spatial .

·??? 1/

· PROFIT : GetF as "E-internal sheaves on BoM

andOn as "the internal sheaf corresponding to BM
"
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