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Monads encode Effectful Operations

code . Ext algebraic operations+ equations = : I alg . theory
putx

,
15)

X = 15 ;

y = X + 1 ;
puty , 16 (

return y == 17 ;

~D

&

! S computationfalse Ttrue, false3

· But of course , algebraic theories correspond to monads T
· If Y = output values , TY = computations returning values in Y

· Kleisli map X-TY = program X+Y
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The Topological Behaviour Category
Q : How to get Topology as well ?

A : Classify ComobySTop) ! Internal

suffice to put correct topology on Bot and B ,T -n category
Theorem

Mnda(Set) S&T (n()n = <Globalsectionse (o -13
#

B+ S BY BS
Remark

Indeed,
BT -> BoTB = B,TB Spec(B)B'A - - - - - - y

Topatop ↑ --1 ↑ C In fact
,

TopRetrop Bot is always Stone !
B1> y (for T finitary)
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The Localic Behaviour Category
· We can redo this for Comob

+ (Loc) , to get
B

Mndacc(Set)- Loc Retro
op

↓

s -
there are infinitary monads T e

.g.T state monad on memory
with point-less , non-trivial Bot configurations IRN

② atomless CBA B un TB
·This clarified B ,

TF3 Bot as a sheaf (Tr + infinitya
generated by T1 , which let us prove :

theorem CCMndacc(set) Ample LocRetr uses a lot of
· Strongly zero-dim
AKA "SuperStone" [ technologyfrois I

· local homeomorphism sra
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If interested
,
Check out our preprint !

"Stone Duality for Monads"
ArXiv :2603 .

25710

( &If not
,
check it out anyway

?
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Why I'm really doing this
· To get a scheme theory replacing rings by Monads !
· Apparently , people care about this because IF

, -algebraic geometry .

For me : see e .g. [Durov'OT]
· If monad encodes program syntax , then
monadic scheme encodes Syntax Varying continuously over

(State space of the environment) .semantics
example cohomology facilitates local-to-global program reasoning ?!

loop-kitty . PY Leave this for future work .
With open ("cute-kitty . Gif") as kitty : For now , let's comparecontents = kitty . read()
kitty . Write ( loop (contents ,50))

#Kitty not in scope anymore ESpec(R) vs BT
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The free local ring lives over [Spec(R)

The affine scheme ORESh(Zspec(R)) admits
a universal property [Cole 116 but technically '81 ??]
F (h

, F)
(R

,xt) > (L, 2) i.e . F :E Set
,
h : F
*
R -> L

(9
,9/ E... in Ringed GrTop

F(R ,F)

Theorem F

-
Ringed GrTop ↓ 7 LocRinged GrTop
-
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Comodels are special cases of T-actions MoT->M,
Since Act (E) = [KIST) , E] </ [KIST) , EJH=: Comod+(E) .

The construction B can be generalized to BM
,
a fibered BT space :

=((xFy ET))-

fibered BT-space ↓~T

-Comodelled LocTop
CT-Comodelled GrTop

B BoT, E

1) Similarly , have
E)E , W : KI(T) ->E)3> FActioned GrTop
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The free comodel lives over BoM

The T-comodel BM admits a universal property
Proposition E F F

(St, M
: ki(T) ->Sx)- >(s)

,

W : KIST)-*)

↓ 3 -
*
7 !

·

(Sh(BoM)
,
BM : K] (T)->Sh(BoM))

internal in E-
construct internally in E ?

Conjecture? ->
T Actioned GrTop ↓

7
T-ComodelledGrTop
-
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